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Abstract 
We show that there is exactly one 3-critical graph of order 22 and that there are exactly nine 
of order 24. The graph of order 22 is shown to be the smallest 3-critical graph of even order. 
We also show that there are exactly two 4-critical graphs of order 18, and that these graphs are 
the smallest 4-critical graphs of even order. The results are obtained with the aid of a computer. 
I. Introduction 
Throughout this paper G = (V,E) will denote a connected simple graph with vertex 
set V and edge set E. The chromatic index z~(G) of G is the smallest number of 
colors needed to color the edges of G so that adjacent edges are colored differently. Let 
A(G) (6(G)) denote the maximum (minimum) vertex-degree in G. A famous theorem 
of Vizing [14] states that the chromatic index of a simple graph is either A or A + 1. 
This theorem divides the class of  simple graphs into two classes: G is called a 
class 1 graph if z'(G) = A(G) and a class 2 graph otherwise. A graph G is called 
(edge - chromatic) k - critical if it is a class 2 graph and zt(G - e) < z ' (G)  = k + 1 
for each edge e of G. 
It is easy to construct critical graphs of odd order while not much is known about 
critical graphs of even order. The first were found by Goldberg [6] who constructed 
an infinite family of  3-critical graphs of  even order. The smallest graph of this fam- 
ily is of order 22. Until now the smallest known critical graphs of even order are 
two 4-critical graphs on 18 vertices found by Chetwynd and Fiol, cf. [8]. It is known 
that there are no critical graphs of even order less than 12, that there are no 
3-critical graphs of order 12 or 14 (see [15]), and that there are no 4-critical graphs of 
order 12 [3,5]. 
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It is difficult to find small critical graphs of even order and Yap asked whether there 
are critical graphs of order 12, 14 or 16 [15]. 
In this note we prove the following theorems. 
Theorem 1.1. The smallest 3-critical graph of even order has 22 vertices. 
In fact this graph is uniquely determined. It was first found by Goldberg [6]. We 
also determined all 3-critical graphs of order 24. There are exactly nine of them. 
Theorem 1.2. The smallest 4-critical graph of  even order has 18 vertices. There are 
exactly two 4-critical graphs on 18 vertices. 
This result implies that the 4-critical graphs on 18 vertices of Chetwynd and Fiol are 
smallest possible and that they are the only two 4-critical graphs of order 18. Pictures 
of these graphs can be found e.g. in [8]. 
2. Methods 
A straightforward computer approach to determine .g. all 4-critical graphs on, say, 
n vertices would be to generate all graphs on n vertices that have a valence vector 
that might be the valence vector of a 4-critical graph, filter them for class 2 graphs 
and test these graphs for being critical. Unfortunately, at least for interesting values of 
n, the number of graphs that would have to be tested is by orders of magnitude too 
large. So, e.g. already for the one and small case where we have one vertex of valence 
2, two vertices of valence 3 and eleven vertices of valence 4, almost 9 million graphs 
would have to be checked. 
In our computer search we proceed as follows: Clearly, each critical graph is a 
subgraph of a A-regular graph. In the lemmas below we show that in fact each 3- or 
4-critical graph of even order is a subgraph of a 3- or 4-regular graph of the same 
order, respectively. Since critical graphs cannot contain cut-vertices (cf. [4]), we can 
restrict our investigation to biconnected class 2 graphs. 
Using standard algorithms for edge colouring and connectivity checking, we filtered 
lists of regular graphs, generated by the programs described in [1,2] for biconnected 
class 2 graphs. These graphs are candidates to contain a critical graph of the same 
order. The programs to generate the lists have been checked for various outputs by 
comparing the numbers of graphs generated with the numbers obtained by other com- 
puter programs (e.g. [7, 12] or [11]) or theoretically [13]. The fact that the generated 
graphs are really nonisomorphic was checked - -  at least for some smaller lists - -  
using the computer program nauty (cf. [9,10]). 
The existence of a critical subgraph of the same order is checked by recursive 
pruning: We start with the regular graph and delete an edge in every possible way. 
If we deleted the edge (v, w), the valency of v and w has decreased. We apply the 
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following classical result (cf. [15]) to all edges adjacent o v and w: 
Vizings Adjacency Lemma (VAL). Let vw be an edge of a critical graph G = ( V,E) 
with degG(V) = k. Then w is adjacent o at least A - k + 1 vertices of degree A. 
Whenever VAL gives that another edge, say (v t, wt), cannot be contained in a critical 
graph, it is deleted and VAL is applied recursively to v t and w'. After this procedure 
it is checked whether the resulting graph G t is still a biconnected class 2 graph. I f  
this is not the case, we can just backtrack, otherwise we try to prune G ~. A graph 
is written to the list of  critical subgraphs, if every successor is a class 1 graph. To 
avoid the storing of isomorphic copies, we use nauty to transform the graph into 
a canonical form. After that we search for identical copies in the list. Since ev- 
ery subgraph can be contained in more than one regular graph and even can be 
obtained from one graph in more than one way, we also keep a list of interme- 
diate graphs and - -  again using nauty - -  check for each possibly new graph to 
start the recursion on, whether we already have checked an isomorphic copy of it 
before. 
The number of regular graphs, candidates and critical graphs for each case can be 
found in Table 1. Table 2 lists the edge sets corresponding to the 3-critical graphs, on 
24 vertices. 
For the proofs of the following lemmas we need - -  in addition to VAL - -  the 
following classical result (cf. [15]). 
Upper Bound (UB). Let G = (V,E) be a critical graph of even order. Then 
IEI ~< ½A(I Vl - 2) + (5(6) - 1. 
Let G = (V,E) be a graph. We define Vi to be the set of vertices having degree i
in G. 
Lemma 2.1. Each 3-critical graph of even order is a subgraph of a 3-regular graph 
of the same order. 
Proof. Let G be a 3-critical graph of even order. By VAL each vertex of G has degree 
3 or 2, and V2 is an independent set. Since G is of even order it follows that IV21 
is even and greater than 2. Therefore a 3-regular graph can be obtained from G by 
adding edges between vertices of V2 in an arbitrary way. [] 
Lemma 2.2. Each 4-critical graph of even order is a subgraph of a 4-regular graph 
of  the same order. 
Proof. Let G = (V,E) be a 4-critical graph of even order. VAL implies that V2 is 
an independent set of vertices, E(G[V3]) is an independent set of edges and that no 
vertex of V2 is adjacent o a vertex of V3. 
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Table 1 
Numbers of regular graphs, candidates and critical graphs 
Number of Vertex Number of Number of Number of 
vertices valence regular graphs candidates critical graphs 
16 3 4060 26 0 
18 3 41301 179 0 
20 3 510489 1388 0 
22 3 7 319447 12 892 1 
24 3 117940535 135597 9 
14 4 88168 155 0 
16 4 8037418 5 659 0 
18 4 985870522 347507 2 
Table 2 
The 3-critical graphs on 24 vertices 
E(GI) = { (1,5), (1,9), (2,6), (2,10), (3,8), (3,12), (4,7), (4,11), (5,10), (5,13), (6,9), (6,13), (7,12), (7,14), 
(8,11), (8,14), (9,16), (10,15), (11,17), (12,18), (13,19), (14,19), (15,18), (15,24), (16,17), (16,23), (17,24), 
(18,23), (19,22), (20,21), (20,22), (20,24), (21,22), (21,23)} 
E(G2) = { (1,5), (1,9), (2,6), (2,10), (3,8), (3,12), (4,7), (4,11), (5,10), (5,13), (6,9), (6,13), (7,12), (7,14), 
(8,11), (8,14), (9,16), (10,15), (11,17), (12,18), (13,21), (14,20), (15,18), (15,24), (16,17), (16,23), (17,24), 
(18,23), (19,22), (19,23), (19,24), (20,21), (20,22), (21,22)} 
E(G3) = ((1,6), (1,9), (2,5), (2,10), (3,11), (3,12), (4,7), (4,8), (5,9), (5,13), (6,10), (6,13), (7,8), 
(7,14), (8,15), (9,17), (10,18), (11,14), (11,16), (12,15), (12,19), (13,21), (14,22), (15,16), (16,21), (17,22), 
(17,24), (18,19), (18,23), (19,24), (20,21), (20,23), (20,24), (22,23)} 
E(G4) = { (1,7), (1,9), (2,8), (2,10), (3,6), (3,12), (4,5), (4,11), (5,10), (5,13), (6,9), (6,14), (7,12), (7,14), 
(8,11), (8,13), (9,16), (10,15), (11,18), (12,17), (13,19), (14,19), (15,17), (15,24), (16,18), (16,24), (17,23), 
(18,22), (19,21), (20,21), (20,22), (20,23), (21,24), (22,23)} 
E(Gs) = {(1,5), (1,11), (2,6), (2,12), (3,8), (3,10), (4,7), (4,9), (5,12), (5,13), (6,11), (6,13), (7,10), 
(7,14), (8,9), (8,14), (9,16), (10,15), (11,18), (12,17), (13,19), (14,19), (15,22), (15,24), (16,21), (16,23), 
(17,18), (17,24), (18,23), (19,20), (20,21), (20,22), (21,24), (22,23)} 
E(G6) = ((1,8), (1,12), (2,7), (2,11), (3,6), (3,10), (4,5), (4,9), (5,12), (5,14), (6,11), (6,13), (7,10), 
(7,13), (8,9), (8,14), (9,16), (10,15), (11,18), (12,17), (13,20), (14,20), (15,21), (15,23), (16,23), (16,24), 
(17,18), (17,22), (18,24), (19,20), (19,22), (19,24), (21,22), (21,23)} 
E(G7) = {(1,5), (1,7), (2,6), (2,8), (3,10), (3,12), (4,9), (4,11), (5,8), (5,13), (6,7), (6,13), (7,15), 
(8,14), (9,12). (9,17), (10,11), (10,16), (11,19), (12,18), (13,20), (14,17), (14,23), (15,16), (15,22), (16,23), 
(17,22), (18,19), (18,24), (19,24), (20,21), (20,24), (21,22), (21,23)} 
E(Gs) = ((1,6), (1,8), (2,7), (2,12), (3,9), (3,11), (4,5), (4,10), (5,8), (5,14), (6,10), (6,14), (7,9), 
(7,13), (8,16), (9,19), (10,18), (11,13), (11,15), (12,15), (12,17), (13,21), (14,21), (15,17), (16,23), (16,24), 
(17,23), (18,19), (18,22), (19,24), (20,21), (20,22), (20,24), (22,23)} 
E(Gg) = {(1,6), (1,8), (2,5), (2,7), (3,10), (3,12), (4,9), (4,11), (5,8), (5,13), (6,7), (6,13), (7,18), 
(8,19), (9,10), (9,20), (10,15), (11,14), (11,16), (12,14), (12,17), (13,22), (14,16), (15,16), (15,22), (17,18), 
(17,23), (18,24), (19,20), (19,23), (20,24), (21,22), (21,23), (21,24)} 
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Note that IV31 is even, and let V2 = {ul . . . . .  u,} and /:3 = {vl . . . . .  V2m }. UB implies 
that in any case we have [ V2I + [/:3 [ >~ 3. 
If Iv31 = 0 then I/:21/>3. Thus add (u,,ul), (uj, uj+l), fo r j  = 1 . . . . .  n -  1, to obtain 
a 4-regular graph of  the same order. 
If  ]g3l ¢ 0 then there is a partition P of / :3  into subsets of  two elements {vli_~, vli} 
(i = 1 . . . . .  m) such that E(G[V3])C_P. Add edges (v~l,ul), (v~m,un), (uj, uj+l) for 
j = 1 . . . . .  n -  1, and (vii, v~i+l ), for i = 1 . . . . .  m-  1 to obtain a 4-regular graph of  the 
same order. [] 
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